Abstract. We introduce and study a general theory of objects parametrized by spaces, in the setting of ∞-categories. This framework specializes to give an ∞-categorical model of parametrized spectra, and we apply these foundations to study the multiplicative properties of the generalized Thom spectrum functor. As part of this work we study the Picard space of a presentable monoidal ∞-category. We sharpen classical results due to Lewis about the multiplicative properties of the Thom isomorphism. Our main application is the construction of twisted Umkehr maps on twistings of generalized cohomology theories.
Introduction
In recent work with Hopkins and Rezk [1] , we introduced an ∞-categorical approach to parametrized spaces and spectra and showed that it provides a useful context in which to study Thom spectra and orientations. If S is a Kan complex and S is the ∞-category of spectra, then our model for the ∞-category of spectra parametrized by S is just the ∞-category Fun(S op , S) of S-valued presheaves on S. Conceptually this approach exhibits the ∞-category S as the "classifying space" for bundles of spectra.
In this paper we develop these ideas to give a complete theory of parametrized objects of a general ∞-category C. We frame this construction in terms of a functor which associates to any space S the ∞-category of objects of C parametrized over S. We show that this functor satisfies descent and therefore we think of it as a "stack of ∞-categories on spaces". This geometric perspective allows us to give a general treatment of base-change. Following the seminal treatment of parametrized spectra in May-Sigurdsson [27] and motivated by Grothendieck's "six functor" formalism, we regard the study of base-change as the cornerstone of any satisfactory theory of parametrized objects.
More precisely, we show in Section 2 that C determines a limit preserving functor
from the (opposite of the) ∞-category of spaces to the ∞-category of (not necessarily small) ∞-categories. The value C /S at the space S is equivalent to the ∞-category of C-valued presheaves Fun(S op , C) on (the ∞-groupoid of) S. In particular, associated to maps of spaces f : S → T we have base-change functors
which collectively assemble into a contravariant functor from the ∞-category of spaces to the ∞-category of ∞-categories. Moreover, we show that this functor satisfies descent, which in this context means merely that is preserves limits. Although we do not assume that C /S is an ∞-groupoid, because C /(−) satisfies descent we refer to it as a stack on the ∞-category T of spaces. In practice it is important to know when each f * has a left adjoint f ! and a right adjoint f * , giving a sort of "three functor formalism": this is easily seen to be the case if C is a presentable ∞-category. Let Pr L,R denote the subcategory of Cat ∞ consisting of the presentable ∞-categories and the functors which are both left and right adjoints. on T whose value at the space S ∈ T is equivalent to the ∞-category Fun(S op , C) of C-valued presheaves on S.
Second, we develop the multiplicative theory of parametrized objects. Among other things this leads us in Section 4 to a "five functor formalism". Let O ⊗ be an ∞-operad and let C ⊗ be a presentable O-monoidal ∞-category. Then there is an O-monoidal ∞-category C 
If we assume that O
⊗ comes equipped with a fixed map E ⊗ 1 → O ⊗ , then any O ⊗ -monoidal ∞-category C ⊗ has a distinguished tensor structure ⊗. We write ⊗ S for the resulting tensor structure on C ⊗ /S . For each space S and each object X ∈ C /S , the "left multiplication by X" functor X ⊗ S (−) : C /S −→ C /S admits a right adjoint F S (X, −) : C /S −→ C /S , giving us two additional families of functors.
These five functors interact in standard ways. In the case of a symmetric monoidal ∞-category, the induced structure is called a "Wirthmüller Context" in [13] . Suppose that the map E ⊗ 1 → O ⊗ factors through E ⊗ ∞ , which is to say that C ⊗ is a symmetric monoidal presentable ∞-category. Let
denote the subcategory of CAlg(Pr L ) spanned by all the objects (the symmetric monoidal presentable ∞-categories) but only those symmetric monoidal functors which are also right adjoints. Our generalization of a Wirthmüller context is a stack on T with values in CAlg(Pr L ) R . We discuss the relationship in Section 5. We also address an analogue of the algebro-geometric notion of "proper pushforward" which occurs in versions of Grothendieck's "six functor formalism". Indeed, by analogy, a map f : S → T in the ∞-category of spaces is proper if its (homotopy) fibers are (homotopically) compact, in which case, again by analogy, one might expect that the pushforward functor f * : C /S → C /T admits a right adjoint f ! . In Section 6 we show this to be the case when C ⊗ is the symmetric monoidal ∞-category of R-modules for an E ∞ -ring spectrum R, and so we also obtain a sort of "six functor formalism". Theorem 1.3. Let R be an E ∞ -ring spectrum, let C = Mod R denote the ∞-category of R-modules, and let p : S → T be a proper map. Then the pushforward p * : C /S → C /T admits a right adjoint p ! :
The remainder of the paper is concerned with a number of applications of the general theory. First, we show in Section 7 that when C ⊗ is the symmetric monoidal ∞-category of (based) spaces or spectra, the resulting stacks C [−] ⊗ recover the Wirthmüller context of May-Sigurdsson [27] . We next give several applications of our theory to Thom spectra. Let R be an E n -ring spectrum (n > 1) and let Mod R be the ∞-category of right R-modules. Within Mod R is the full subgroupoid spanned by the invertible R-modules, Pic R . Given a space (Kan complex) X and a map f : X → Pic R (which we think of as classifying a bundle of invertible R-modules over X), we defined in [1, 2] the Thom spectrum of f to be the colimit M f of the composite map
Here it is necessary to take this colimit in Mod R , since Pic R is not closed under colimits unless R is trivial. The Thom spectrum M f is equivalent to the pushforward along the projection p : X → * of the bundle of invertible R-modules over X classified by f . Remark 1.5. We proved in [1] that when restricted to the full subgroupoid BGL 1 S of Pic S spanned by the (unshifted) sphere spectrum S, this definition agrees with the classical Lewis-May construction of the Thom spectrum over BF [22, 19] .
To understand the multiplicative properties of this definition, in Section 8 we give a general treatment of the Picard space associated to a stable monoidal ∞-category. Suppose given a map of E ⊗ 1 → O ⊗ , and let R ⊗ be an O-monoidal ∞-category. We define Pic(R) to be the maximal grouplike ∞-groupoid in the O-monoidal ∞-category of invertible objects of R ⊗ . We then have the following results. 
, that is right adjoint to the free functor
Here Alg O (−) denotes the ∞-category of O-algebra objects, Alg Remark 1.7. The generality in which we work permits a categorification of Pic. Let R be an E ∞ -ring spectrum. The Brauer spectrum of R is the delooping of the grouplike E ∞ -space
the Picard ∞-groupoid of the symmetric monoidal ∞-category Mod Mod R (Pr L ) of (compactly generated) Mod R -modules in Pr L . This construction has been studied in detail by the third author [3, 14] . As an indication of the usefulness of this definition, we sketch in section 8.1 how the theory of Thom spectra in this setting recovers the definitions and main results of Douglas' work on "twisted parametrized spectra", defined in terms of sections of rank-one bundles of stable categories [12] .
Lurie has recently written down a proof of a conjecture of Mandell [21, 6.3.5.17] which in part shows that E n -algebras admit E n−1 -monoidal module categories (with the latter notion defined in terms of the symmetric monoidal structure on presentable ∞-categories). Thus we can apply the Theorem in the case that R ⊗ = Mod ⊗ R for an E n -ring spectrum R (n > 1). In Section 9 we use this idea to investigate the multiplicative properties of Thom spectra. The key point is the following. Theorem 1.8. The resulting functor of E n−1 -monoidal presentable ∞-categories
arising from the counit of the adjunction of Theorem 1.6 is the generalized Thom spectrum functor.
As a corollary, we generalize Lewis' theorem about Thom spectra that are ring spectra from the case of S to an arbitrary E n -ring spectrum. Corollary 1.9. Let R be an E n -ring spectrum, with n > 1. Then Pic R is an E n−1 -space, and if f : X → Pic R is E m -monoidal for some m < n, then the Thom spectrum M f is an E m -ring spetrum.
We also study the multiplicative properties of the Thom isomorphism. Lewis showed that an E n -orientation gives rise to an E n Thom isomorphism "up to homotopy" [19, 7.4] , and various authors have observed that in the E ∞ setting the Thom isomorphism is a map of commutative ring spectra (e.g., [6] ). We sharpen Lewis' result as follows: Theorem 1.10. Let R be an E n -ring spectrum, n > 1, and let f : X → Pic R be an E m -monoidal map for some m < n. Suppose that M f admits an E m -orientation over a spectrum R, i.e., an E m -algebra map M f → R. Then the composite
In Section 10, we use our treatment of parametrized spectra and our multiplicative theory of Thom spectra to study twisted cohomology theories and particularly twisted Umkehr maps. Recall from [2, 1] that given a map
regarding such a map α as classifying a twisted form of the trivial R-line bundle over X, we can consider the associated R-module Thom spectrum M α to be the α-twisted and R-stable homotopy type of X. Definition 1.11. Let R be an E n -ring spectrum, n > 0. The α-twisted R-homology and R-cohomology groups of X are given by
Here map R (−, −) denotes the mapping space in the ∞-category Mod R of right R-modules.
Remark 1.12. We discuss the relationship of this definition to that of Atiyah and Segal in Section 10.
We now apply this in geometric contexts. For convenience, we switch to using exponential notation for Thom spectra; e.g., given a twist α : X → Pic R the Thom spectrum will be written X α . Now let X be a compact manifold with tangent bundle T . The Pontryagin-Thom construction gives a stable map
which realizes geometrically the stable map
is a fiber bundle of compact manifolds with tangent bundle along the fibers T f , then the Pontryagin-Thom construction gives rise to a stable map (1.14) PT(f ) :
If R is a ring spectrum, then we get a map
composing with a Thom isomorphism
Recently it has become important to consider the following generalization of these constructions (see for example [17, 29, 9] ). A twist α : B → Pic R gives rise to a twist
and using the multiplicative structure of Pic R we can form the generalized R-module Thom spectrum E −T f +αf . We construct a twisted Pontryagin-Thom map
Given an orientation R * +d (E + ) ∼ = R * (E −T f +αf ), we then obtain a twisted Umkehr map
The key idea is to show that the Pontryagin-Thom map PT(f ) in the form (1.14) arises from a two-step process: first apply the Pontryagin-Thom construction (1.13) fiberwise to obtain a map of spectra over B
from the sphere spectrum over B to the duals of the fibers of the map f , then apply the push forward p ! along the map p : B → * to obtain the map PT(f ).
Then given a map α : B → Pic R , we can twist by α to get the map (of R-module spectra over B)
Applying the pushforward p ! associated to p : B → * yields the map PT(f, α).
Remark 1.16. The idea that the Pontryagin-Thom map (1.14) arises from a fiberwise construction goes all the way back to the origins of the Umkehr map, participating as it does in the "families" index theorems of Atiyah and Singer [5] . It is also explicit in Becker and Gottlieb's classic paper [7] , for example. May and Sigurdsson have a beautiful exposition of a fiberwise construction in the setting of parametrized spectra in [27] .
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2. The base-change functors: f * and its adjoints f ! and f * We begin by summarizing the central desiderata for a theory of "objects of C parametrized over S", where C is an ∞-category and S is a space or, equivalently (as we are only concerned with the weak homotopy type of S), a Kan complex. Specifically, we develop an analogue of what is known in algebraic geometry as a "six functor formalism" and in equivariant stable homotopy theory as a "Wirthmüller context". The full scope of these formalisms, however, require substantial assumptions on the ∞-category C, and it is perhaps instructive to begin with a significantly more general and less structured situation.
Given an ∞-category C and a Kan complex S (which we think of as corresponding to a space via the singular complex), we wish to define an ∞-category C /S of objects of C parametrized over S. Of course, we should not think of S as being fixed; rather, we require restriction (a.k.a. pullback or base-change) functors
for each map of Kan complexes f : S → T . Moreover, these must be compatible with composition. Given a 2-simplex which exhibits g • f : S → U as a composite of f : S → T followed by g : T → U , we require a natural 2-simplex exhibiting (g • f )
* : C /U → C /S as a composite of g * : C /U → C /T followed by f * : C /T → C /S , and so on for all higher dimensional simplices. In other words, we require a functor
from the ∞-category T op of spaces to the ∞-category Cat ∞ of (not necessarily small) ∞-categories.
Lastly, this functor must satisfy the usual sort of descent conditions. Specifically, given maps f : S → T and g : S → U , the restriction functors f * : C /T → C /S and g * : C /U → C /S induce a pullback square
from the ∞-category of objects parametrized over the pushout T S U to the pullback of the ∞-categories of parametrized objects, and we require that this map is an equivalence. Similarly, given a family of spaces S λ indexed by some (possibly infinite) set Λ with coproduct S = λ S λ , the inclusions i λ : S λ → S induce a map
which also must be an equivalence. Together, these two conditions amount to saying that the ∞-category C /S of objects of C parametrized over S is local on the base space S. Finally, we have the obvious normalization condition: if S = * is the terminal space, then we must have an equivalence C / * ≃ C. We can make this precise using the language of stacks. For us, a stack will mean a contravariant functor from an ∞-topos to the ∞-category of (not necessarily small) ∞-categories which satisfies descent in the sense that it preserves limits. In the present paper we only consider the ∞-topos T of spaces, though many interesting generalizations are possible, e.g. the ∞-topos of G-spaces for a topological group G. We plan to pursue some of these generalizations in future work. Proposition 2.3. Let C be an ∞-category. Then there exists a unique stack of (not necessarily small) ∞-categories
on T whose value at S ∈ T is equivalent to the ∞-category C /S of C-valued presheaves on S.
Proof. By proposition 2.1, to specify a limit-preserving functor F : T op → Cat ∞ , it is enough to specify the image of the initial object * , which we take to be C. For a given space S, we have that Fun(S op , C) ≃ lim S C, which shows that the value of F on S is equivalent to C /S .
In practice, we require more structure on C, namely, that C is presentable, which is to say that C is the freely generated under κ-filtered colimits by the small subcategory C κ of κ-compact objects (which itself admits κ-small colimits). Moreover, maps between presentable ∞-categories are typically taken to be colimit preserving, in which case it is formal that they admit right adjoints. Thus, when C is presentable, we require that the base-change functors f * : 
T whose value at the space S ∈ T is equivalent to the ∞-category C /S of C-valued presheaves on S.
Proof. We must lift C /(−) through the projection Pr L → Cat ∞ . By the adjoint functor theorem, it is enough to show that the base-change functor f * : C /T → C /S preserves colimits. Since colimits in functor ∞-categories are computed objectwise, this is immediate.
From this we also see that the pullback functors f * are also left adjoints. Let Pr L,R denote the subcategory of Pr L consisting of those left-adjoint functors f : C → D which are also right adjoints (equivalently, those f : C → D which preserve all small limits and colimits). 
on T whose value at the space S ∈ T is equivalent to the ∞-category C /S of C-valued presheaves on S.
Proof. This follows from lemma 2.5 and the proof of proposition 2.3.
Thus far, we have constructed, for each presentable ∞-category C, a "three functor formalism" for the parametrized theory associated to C.
Interlude on ∞-operads
In this section, we quickly review the aspects of the framework of ∞-categories and ∞-operads from [20] and [21] that we need.
3.1. The passage from categories with weak equivalences to ∞-categories. There are now several ways to pass from the data of a model category C to an associated ∞-category. When C is a simplicial model category, restricting to the full subcategory of cofibrant-fibrant objects C cf yields a fibrant simplicial category, and then the simplicial nerve [20, 1.1.5.5]
is an ∞-category. Although any combinatorial model category is Quillen equivalent to a simplicial model category [15] , this replacement process can be inconvenient. Furthermore, very few functors preserve cofibrant-fibrant objects; this is a particular problem when studying (symmetric) monoidal model categories.
More recently, [21, §1.3.3] provides an analogue of the Dwyer-Kan simplicial localization. Starting with a (not necessarily simplicial) model category C, one passes to an ∞-category via the ordinary nerve applied to the full subcategory of cofibrant objects and subsequently inverts the weak equivalences:
Given a simplicial model category C, there is an equivalence of ∞-categories
which implies that we can apply either process as needed [21, 1.3.3.7] .
3.2. ∞-operads and symmetric monoidal ∞-categories. We now review the theory of ∞-operads as we will apply it in the body of the paper, following [21, §2] . Let Γ denote the category with objects the pointed sets { * , 1, 2, . . . , n} for each natural number n ∈ N and morphisms the pointed maps of sets. An ∞-operad is then specified by an ∞-category O ⊗ and a functor
satisfying certain conditions [21, 2.1.1.10].
Remark 3.1. This is the generalization of the notion of a multicategory (colored operad); to obtain the generalization of an operad we restrict to ∞-operads equipped with an essentially surjective functor ∆ 0 → p −1 ({ * , 1}). To make sense of this, note that p −1 ({ * , 1}) should be thought of as the "underlying" ∞-category associated to O ⊗ , which we'd want to contain only a single (equivalence class of) object if we're interested studying the ∞-version of an ordinary operad. A symmetric monoidal ∞-category is then an ∞-category C ⊗ equipped with a coCartesian fibration of ∞-operads [21, 2.1.2.18]
The "underlying" ∞-category is obtained as the fiber C = p −1 ({ * , 1}). In abuse of terminology, we will say that an ∞-category C is a symmetric monoidal ∞-category if it is equivalent to p −1 ({ * , 1}) for some symmetric monoidal ∞-category
We can use the results of the previous section to produce symmetric monoidal model ∞-categories: Given a symmetric monoidal model category C, we can associated a symmetric monoidal ∞-category For a fibration q :
, is the full subcategory of the functor category
spanned by the maps of ∞-operads. When α is the identity map we denote this by Alg /O (C).
A particularly interesting class of symmetric monoidal structures on ∞-categories come from cartesian monoidal structures. Any ∞-category with finite products admits a unique cartesian symmetric monoidal structure; the monoidal product is given by the categorical product [21, §2.4.1]. When C is a cartesian symmetric monoidal ∞-category and O is an ∞-operad, we often write
Finally, we will primarily be interested in algebras over ∞-operads which are unital and coherent. A unital ∞-operad [21, 2.3.1.1] has an essentially unique "nullary" operation. For instance, the E n operads are unital for any n. As one might expect, algebras over unital operads are equipped with well-behaved unit maps. Lemma 3.3. Given a presentable ∞-category C of and a space S, the presentable ∞-category S ⊗ C is naturally equivalent to the presentable ∞-category Fun(S op , C) of C-valued presheaves on S.
Proof. We must have * ⊗ C ≃ C ≃ Fun( * op , C). Since (−) ⊗ C commutes with colimits of spaces, we have that S ⊗ C ≃ colim S C. Finally, since colimits in Pr L correspond to limits (indexed by the opposite diagram) in Pr R [20, 5.5.3.4] , and limits in Pr R can be calculated on the level of underlying ∞-categories, we have that
Recall that Pr L is a symmetric monoidal ∞-category with unit T, the ∞-category of spaces. The ∞-category T can be explicitly modeled as the coherent nerve applied to the cofibrant-fibrant objects in the standard model category Top of topological spaces (or, equivalently, simplicial sets).
The fact that T is the unit of the symmetric monoidal structure on Pr L implies that it is canonically a commutative algebra object and that the forgetful functor
is an equivalence. Since we will always be working in the ambient symmetric monoidal ∞-category Pr L of presentable ∞-categories, and T is the trivial commutative algebra object of Pr L , we will simply write Mod T in place of Mod
Remark 3.4. The above construction of Pr L as an ∞-category tensored over T generalizes the construction of the free T-module associated to a space. Strictly speaking, the free T-module functor T → Mod T is not the left adjoint of the forgetful functor map T (T, −) : Mod T → T, since the underlying ∞-groupoid of a presentable ∞-category is not generally small. It is possible to remedy this by restricting to the compact objects of compactly generated T-modules, but we avoid adding this extra level of complexity since we will not explicitly need this adjunction.
Similarly, recall that the ∞-category Pr L St of stable presentable ∞-categories admits a symmetric monoidal structure with unit the ∞-category S of spectra [21,
There is a map of commutative algebra objects T → T * → S of Pr L , where T * is the ∞-category of pointed spaces. Both of these maps are "localizations" in the sense that the endofunctors (−) ⊗ T T * and (−) ⊗ T S of Mod T are idempotent: clearly T * ⊗ T T * ≃ T * , and the same is true for
Remark 3.5. The inclusion of the subcategory Pr L ⊂ Cat ∞ is lax symmetric monoidal, and it induces subcategories
and
A (commutative) algebra object of Cat ∞ is a (commutative) algebra object of Pr L if and only if the underlying ∞-category is presentable and the tensor product commutes with colimits in each variable. Given (symmetric) monoidal presentable ∞-categories C ⊗ and D ⊗ , a (symmetric) monoidal functor f : C ⊗ → D ⊗ is a morphism of (commutative) algebra objects in Pr L if and only if, on the level of underlying ∞-categories, it is a left adjoint (equivalently, by virtue of presentability, it preserves colimits) [21, §6.3.2] .
Given an arbitrary ∞-operad O ⊗ , a (not necessarily small) O-monoidal ∞-category is an object of Alg O ( Cat ∞ ), and an O-monoidal presentable ∞-category is an object of Alg O (Pr L ). In particular, associated to an E n algebra R in a symmetric monoidal ∞-category C, there is an ∞-category Mod R of right R-modules. A central theorem in the subject is that an E n -algebra R induces an E n−1 -monoidal structure on Mod R with unit R such that the tensor product commutes with colimits in each variable; moreover, the functor from E n -algebras to E n−1 -monoidal ∞-categories is fully-faithful [21, 6.3.5.17] . Furthermore, in an E n -monoidal ∞-category C, for m ≤ n the map of ∞-operads E m → E n implies that we have an E n−m monoidal ∞-category Alg Em (C) of E m algebra objects.
The closed monoidal structure
We fix an ∞-operad O ⊗ and suppose that C ⊗ is an O-monoidal presentable ∞-category. The goal now is to construct, for each Kan complex S, an O-monoidal ∞-category C ⊗ /S with underlying ∞-category C /S such that the restriction functor 
Proof. Suppose given a pullback diagram
in Cat ∞ such that B, C, D are complete ∞-categories and h, i are limit preserving functors. We first show that A is complete, which amounts to showing that the constant diagram functor A → Fun(K, A) admits a right adjoint lim : Fun(K, A) → A. Since the corresponding result holds for B, C, D by assumption, we obtain a map
which is easily seen to be right adjoint to A → Fun(K, A) since mapping spaces in a limit of ∞-category are computed as the limit of the mapping spaces. To see that the projections f : A → B and g : A → C preserve limits, we note that, by construction, lim : Fun(K, A) → A is the pullback of the diagram of maps lim : Fun(K, B) → B and lim :
we must show that the ∞-groupoid of limit preserving functors from A ′ to A over B → D ← C is contractible. This follows from the fact that these functors form a full ∞-subgroupoid of the ∞-groupoid of all functors from A ′ to A over B → D ← C coupled with the observations that this latter ∞-groupoid is contractible and that the unique such functor preserves limits. 
Proof. This is immediate from lemma 4.1 above, as Alg O (Pr L ) R is the pullback of a diagram of complete ∞-categories and limit preserving functors.
Our main foundational theorem is the following result: Proof. This follows from corollary 4.3 and the proof of proposition 2.3.
Remark 4.5. In the symmetric monoidal context, one expects that the right adjoint f * is lax O-monoidal and that the left adjoint f ! is oplax O-monoidal. Such a result can be shown by consideration of point-set models for the universal example of parametrized spaces; since we find this inelegant and do not need these results, we defer a treatment to a future point when the relevant foundational results on adjoint functors in the ∞-categories are available in the literature.
We now further suppose that O ⊗ comes equipped with a fixed map E Proof. Because the tensor product preserves colimits on the left and on the right, this is immediate from the adjoint functor theorem.
Writing ⊗ for the monoidal product obtained by restriction along the map E ⊗ 1 → O ⊗ , then, for each object X ∈ C, we write
for the right adjoint of the right multiplication functor (−)⊗X : C → C. As S varies over all spaces, the base-change functors and closed tensor structures collectively give rise to a (non necessarily symmetric) sort of "Wirthmüller context" [13] .
Wirthmüller contexts
In the context of parametrized spaces, f * is a symmetric monoidal functor. The situation of a symmetric monoidal functor with left and right adjoints gives rise to a series of compatibility formulas (e.g., the projection formula). In this section, following [13] , we abstract this relationship into what we will refer to as a Wirthmüller context.
We continue to fix an ∞-operad O ⊗ over E 1 and an O-monoidal ∞-category C ⊗ . To say more, we now suppose that the map E
i.e., the subcategory of CAlg(Pr L ) consisting of those symmetric monoidal functors which are also right adjoints.
R -valued stack on T; that is, a limit preserving functor
The ∞-category of Wirthmüller contexts is the full subcategory of the ∞-category
spanned by the stacks.
In this setting, our basic existence result is the following corollary of theorem 4.4.
Corollary 5.2. A Wirthmüller context determines, and is determined by, a symmetric monoidal presentable ∞-category.
Proof. Since a Wirthmüller context is a CAlg(Pr L ) R -valued stack on T, this follows immediately.
Some of the useful consequences of the existence of a Wirthmüller context are summarized in the following standard proposition.
a map of Kan complexes, and let X and Y be objects of C[T ]
⊗ . Then:
Proof. The construction of the maps follows [13] , and to check the equivalences it suffices to work on the level of the homotopy categories. See also [27, 2.2.2,2.5.8] for a verification in the particular case of parametrized spaces and spectra.
We can also consider this situation when C ⊗ is an E n -monoidal presentable ∞-category. In this case, provided that n > 2, the theory is the same because the equivalences of proposition 5.3 arise as isomorphisms in the homotopy category, and for n > 2 an E n -monoidal presentable ∞-category has a closed symmetric monoidal homotopy category. (We also use the fact that E n -monoidal functors induce symmetric monoidal functors on the homotopy category in this case.) We suspect that analogous formulas hold for the braided monoidal case n = 2 and even the monoidal case n = 1.
Remark 5.4. We note that this definition implicitly specifies the 2-categorical coherences which are a necessary part of a complete description of base-change phenomena (see [28] for a treatment of these issues in a somewhat different context).
6. The proper pushforward p * and its right adjoint p ! Under more restrictive hypotheses on C, it turns out that for proper maps p : S → T in the ∞-category of spaces (i.e., maps p such that the fibers of p are compact), the pushforward functor p * : C /S → C /T , right adjoint to the restriction functor p * : C /T → C /S , itself admits a right adjoint p ! : C /T → C /S . We will not attempt to pursue the most general version of this theorem, but instead will suppose (as in the case of greatest interest) that C ≃ Mod R for some E ∞ -ring spectrum R. In this case, C is the underlying ∞-category of the symmetric monoidal stable presentable ∞-category C ⊗ = Mod Given a proper map p : S → T , we'll see that the pushforward p * admits a right adjoint p ! . This gives a series of adjunctions p ! , p * , p * , p ! , each of which is right adjoint to the functor on its left. First, we deal with the case in which T is contractible.
Let S be a Kan complex and form the symmetric monoidal stable presentable ∞-category C ⊗ /S of C-valued presheaves on S. Using the free R-module functor R[−] : T → C, an object s of S determines an object R[ s] of C; here s denotes the representable presheaf
in which the middle map is the Yoneda embedding, and R[ s] is obtained by composing with the map T /S → C /S induced by the free R-module functor.
Proposition 6.2. For any Kan complex S, the colimit of the Yoneda embedding
is a terminal object of Fun(S op , T).
Proof. We may immediately reduce to the case in which S is connected. Choosing an arbitrary basepoint of S and letting G ≃ ΩS be the loop group of S at this point, we obtain an equivalence BG ≃ S. Since the mapping space 
is an equivalence in S /S .
Proof. Σ ∞ + commutes with colimits.
Proposition 6.4. Let κ be an infinite regular cardinal, let S be a κ-compact ∞-groupoid, and write q : S → * for the projection to the terminal ∞-groupoid. Then
preserves κ-compact objects.
Proof. We reduce to checking that R S ≃ q * R is κ-compact using the following facts: any κ-compact R-module is equivalent to a (retract of a) colimit of a κ-small diagram with value R, κ-compact objects are closed under κ-small colimits, and q * preserves colimits. Now S is equivalent to (a retract of) the colimit of the trivial functor I → T, where I is a κ-small simplicial set [20, 5.4.1.5,5.4.1.6]. It follows from this that (up to retract) there exists a weak equivalence f : I → S, and thus we deduce that
is a κ-small colimit of representables and therefore κ-compact. Proposition 6.5. Let κ be an infinite regular cardinal, let S be a κ-compact ∞-groupoid, and write q : S → * for the projection to the terminal object. Then q * : C /S → C / * ≃ C preserves κ-filtered colimits.
Proof. Let N α be a κ-filtered diagram of objects of C /S . We must show that the map colim q * N α −→ q * colim N α is an equivalence of R-modules. Since R is compact, and hence κ-compact, and q * preserves κ-compact objects, we have that
Since the Σ n R, n ∈ Z, generate C, the result follows.
Proposition 6.6. Let p : S → T be a proper map in T. Then the pushforward
preserves filtered colimits.
Proof. As equivalences are detected fiberwise, it is clear that p * preserves filtered colimits if and only if, for all objects t of T , the pushforward q * along the projection q : S t → ∆ 0 defined by the pullback
preserves filtered colimits. But S t is compact since p is proper, so this follows from Proposition 6.5.
Proof. Since p * : C /S → C /T is a functor of stable presentable ∞-categories, p * admits a right adjoint if (and only if) p * preserves colimits. But p * is exact, so p * preserves colimits if (and only if) p * preserves filtered colimits, and this is the content of Proposition 6.6.
Parametrized spaces, spectra, and modules
We now specialize the constructions of the preceding sections to obtain ∞-categorical models of parametrized spaces, spectra, and R-modules for an E n -ring spectrum R. Our main goal in this section is to compare these ∞-categories to those that result from the approach of [27] . Some of this material was previously discussed (in a more specialized form) in [1] and [2] , but we intend that the systematic treatment given below will provide a more convenient and complete reference.
7.1. Parametrized spaces. We begin by comparing our model of parametrized spaces to the May-Sigurdsson notion of parametrized spaces [27] . In the context of ∞-categories, we think of spaces as ∞-groupoids, and model them with Kan complexes (as in the previous section). To reduce confusion, we will use the term "topological space" when we are referring to a bona-fide topological space, and we will write Top for the category of compactly-generated weak Hausdorff topological spaces. The following is the specialization of theorem 4.4.
Definition 7.1. Let S be a Kan complex. Define the ∞-category of "spaces over S" as the ∞-category
of presheaves of spaces on S and the ∞-category of "pointed spaces over S" (or ex-spaces) as the ∞-category
of presheaves of pointed spaces on S.
Remark 7.2. Pointed objects of the category of spaces over X are often referred to in the literature as "ex-spaces", as they are spaces equipped with a map to X together with a "cross-section" of that map.
Recall that T /S can be described via the straightening and unstraightening correspondence as the ∞-category associated to the model category Set ∆/Π∞S , and T * /S can analogously be described as the ∞-category of pointed objects in Set ∆/Π∞S . This provides a comparison to the ∞-categories associated to the May-Sigurdsson categories of parametrized spaces Top B and (Top B ) * over a space B.
Proposition 7.3. Let B be a space. There are equivalences of symmetric monoidal ∞-categories
Proof. Finally, the symmetric monoidal structure on T /S is Cartesian and therefore unique [21, 2.4.1.9]. Thus, we can promote this equivalence to an equivalence of symmetric monoidal ∞-categories. The result for pointed objects follows.
To complete the comparison to the model of May-Sigurdsson, we need to study the base-change functors. Almost all of the subtlety and difficulty of the foundational portion of their work arises from the complexities of topological spaces (which they must contend with in order to handle the equivariant setting) and the fact that it is impossible to have a model structure in which the pairs (f ! , f * ) and (f * , f * ) are simultaneously Quillen adjunctions. Although the point-set category (Top /B ) * of ex-spaces has a model structure induced by the standard model structure on Top (which they refer to as the qmodel structure), one of the key insights of May and Sigurdsson is that for the purposes of stable parametrized homotopy theory it is essential to work with the (Quillen equivalent) qf -model structure [27, 6.2.6].
The situation is easier in the simplicial setting: For a map f : A → B, we can obtain point-set models of the functors f * , f * , and f ! by considering model categories of simplicial presheaves. We must still confront the fact that
is a right Quillen functor for the projective model structure, with left adjoint f ! , and a left Quillen functor for the injective model structure, with right adjoint f * , on the above categories of simplicial presheaves. Nonetheless, this suffices to produce the desired adjoint pairs on the level of ∞-categories.
Theorem 7.4. The Wirthmüller context we construct in corollary 5.2 on (T /S ) * is compatible with that of May-Sigurdsson.
Proof. To see this, observe that it suffices to check this for f * ; compatibility then follows formally for the adjoints f * and f ! . Thus, we need to check that the right derived functor of f * : (Top /B ) * → (Top /A ) * in the qf -model structure is compatible with the right derived functor of
in the projective model structure. By the work of [27, 9.3] , it suffices to check the compatibility for f * in the q-model structure. Since both versions of f * that arise here are Quillen right adjoints, this amounts to the verification that the diagram
commutes when applied to fibrant objects, where here Un denotes the unstraightening functor (which is the right adjoint of the Quillen equivalence). Finally, this follows from [20, 2.2.1.1].
The promotion of this comparison to the symmetric monoidal structure is a consequence of the fact that f * preserves products and the fact that the Cartesian symmetric monoidal structure is unique. 7.2. Parametrized spectra. We now move on to compare parametrized spectra with the May-Sigurdsson definition of parametrized spectra [27] . Specializing theorem 4.4 once again, we have the following description of parametrized spectra. Definition 7.5. Let S be a Kan complex. The ∞-category of "spectra over S" is defined to be the ∞-category
of presheaves of spectra on S.
The proof of theorem 4.4 leads us to expect that the ∞-category S[S] of spectra parametrized over S can be understood as the stabilization of the ∞-category T /S (or (T /S ) * ) of (pointed) spaces parametrized over S. More generally, we have the following proposition.
Proposition 7.6. Let S be a space and let C be a presentable ∞-category. Then we have a natural equivalence
of stable presentable ∞-categories. Moreover, if C is an O-monoidal presentable ∞-category for some ∞-operad O, then this equivalence extends to an equivalence of O-monoidal stable presentable ∞-categories.
Proof. First recall that the functor Stab(−) ≃ (−) ⊗ S is a symmetric monoidal localization of Pr
L whose essential image is precisely the full subcategory of stable presentable ∞-categories. Thus
The final assertion follows from the fact that (−) /S is also symmetric monoidal, which we prove as proposition 7.13 below.
Therefore, in order to compare our model of parametrized spectra over B to the May-Sigurdsson model, we will work with the corresponding formal stabilization of model categories. Specifically, given a left proper cellular model category C and an endofunctor of C, Hovey constructs a cellular model category Sp N C of spectra [18] . When the C is additionally a simplicial symmetric monoidal model category, the endofunctor given by the tensor with S 1 yields a simplicial symmetric monoidal model category of symmetric spectra Sp Σ C (in addition to the simplicial model category Sp N C of spectra). These models of the stabilization are functorial in left Quillen functors which are suitably compatible with the respective endofunctors (see [18, 5.2] 
When C is a simplicial symmetric monoidal model category, this equivalence extends to an equivalence
of symmetric monoidal ∞-categories.
Proof. The functors Ev n : Sp N C → C which associate to a spectrum its n th -space A n , induce a functor
which is evidently essentially surjective. To see that it is fully faithful, it suffices to check that for cofibrant-fibrant spectrum objects A and B in Sp N C, there is an equivalence of mapping spaces
where Ω : map(A n+1 , B n+1 ) → map(A n , B n ) acts as
Since any cofibrant A is a retract of a cellular object, inductively we can reduce to the case in which A = F m X, i.e., the shifted suspension spectrum on a cofibrant object X of C * . Then map(A, B) ≃ map(X, B m ) by adjunction. The latter is in turn equivalent to map(Σ n−m X, B n ), where we interpret Σ n−m X = * for m > n, in which case the homotopy limit is equivalent to that of the homotopically constant (above degree n) tower whose n th term is map(Σ n−m X, B n ). In the symmetric monoidal setting, the fact that Stab C is the initial stable symmetric monoidal ∞-category which accepts a symmetric monoidal ∞-functor from C coupled with the equivalence between prespectra and symmetric spectra implies the desired comparison.
May and Sigurdsson construct a symmetric monoidal stable model structure on the category S B of orthogonal spectra in (Top /B ) * [27, 12.3.10] . This model structure is based on the qf -model structure on ex-spaces, leveraging the diagrammatic viewpoint of [25, 24] . Similarly, they construct a stable model structure on the category P B of prespectra in (Top /B ) * . The forgetful functor S B → P B induces a Quillen equivalence [27, 12.3.10] .
Theorem 7.8. Let B be a topological space. There is an equivalence of symmetric monoidal ∞-categories between the ∞-category associated to the model category of orthogonal spectra and the ∞-category of parametrized spectra:
Proof. This is essentially an immediate consequence of proposition 7.7, using the standard comparison between orthogonal spectra and symmetric spectra [25] .
7.3. Parametrized module spectra. Finally, we describe the specialization of theorem 4.4 to the case of parametrized module spectra. An advantage of our framework is that we can handle both categories of R-module spectra parametrized over a space S (for an E 1 ring spectrum R) and categories of module spectra over an E 1 ring object in Fun(S op , S).
Definition 7.9. Let R be an E 1 -ring spectrum, let S be a space, and let Mod R denote the stable presentable ∞-category of right R-modules. The ∞-category of parametrized R-module spectra (i.e., bundles of R-modules) over S is the stable presentable ∞-category (Mod R ) /S .
In practice, however, R is an often more than an E 1 -ring spectrum; rather, it may be an E n -ring spectrum for some 1 ≤ n ≤ ∞. In this case, the category of parametrized module spectra inherits a multiplicative structure. Proposition 7.10. Let R be an E n -ring spectrum, n > 0, and let S be a space. Then the ∞-category (Mod R ) /S of parametrized R-module spectra over S is the underlying ∞-category of an E n−1 -monoidal stable presentable ∞-category
Proof. Let Mod R denote the ∞-category of right R-modules, which is an E n−1 -algebra object of Pr L and in particular an E n−1 -monoidal ∞-category. Then
is an E n−1 -monoidal ∞-category such that the underlying ∞-category
is stable and presentable. By construction, the operations in Fun(S op , Mod R ) ⊗ are computed pointwise, so that the tensor product commutes with colimits in each variable. Hence (Mod R )
⊗ is an E n−1 -monoidal stable presentable ∞-category.
Remark 7.11. More generally, our framework allows us to resolve a problem which was not handled in [27] . Due to difficulties in maintaining homotopical control over the product, categories of modules over general ring objects in the parametrized categories were not constructed. 7.4. Parametrized objects over E n spaces. In this section, we study multiplicative structures that arise on ∞-categories of parametrized objects over E n spaces. In the previous sections, the multiplicative structure on C /S was obtained pointwise, or, equivalently, from the evident external product via pullback along the diagonal ∆ : S → S × S of the base space. Here, the multiplicative structures arise from an actual product on S itself.
Recall that the ∞-categorical Day convolution product [21, §6.3 ] is a consequence of the existence of a symmetric monoidal functor from spaces to presentable ∞-categories. The relevant functor on objects agrees with our functor T /(−) : T → Pr L on objects, but it is the covariant version which comes from using the left adjoint f ! : T /S → T /T in place of the right adjoint f * : T /T → T /S for f : S → T a map of Kan complexes. Proof. The ∞-category of spaces T is freely generated under colimits by the onepoint space [20, 5.1.5.8] . Since any space S is equivalent to the S-indexed colimit of the constant diagram on the point, it follows that 
Proof. This is a consequence of the properties of the ∞-categorical Day convolution project [21, 6.3.1.2 ].
An immediate consequence of proposition 7.13 is that the functor T[−] preserves multiplicative structures: Corollary 7.14. Let O be an ∞-operad and let X be an O-algebra object of T.
We now assume that O is a unital and coherent ∞-operad. Since Mod T is a symmetric monoidal ∞-category, we can consider O-algebra objects in Mod T . We require O to be unital since we will need to consider the unit map η : T → R of an O-algebra object R of Mod T .
Recall that if R is an object of Alg /O (Mod T ) then Mod along η : T → R. Thus, the composite
preserves colimits, and sends the one-point space * to R ≃ T ⊗ T R.
The main example of this phenomenon which will be of interest to us is the case of an O-algebra object R of Mod S , where O is a coherent ∞-operad under E 1 . Then R is in particular an associative algebra object of Mod S , and so it has a Picard ∞-groupoid Pic(R), the full subgroupoid of R spanned by the invertible objects.
Picard ∞-groupoids of presentable monoidal ∞-categories
In this section we define and study the Picard ∞-groupoid of an O-monoidal stable presentable ∞-category R (for suitable ∞-operads O ⊗ ) and the categories of parametrized objects over Picard ∞-groupoids. Roughly speaking, we define the Picard ∞-groupoid of R as the space of invertible objects in R. Much of the work of the section is to keep track of the multiplicative structure. Note that contrary to the standard convention, our Picard ∞-groupoids will be grouplike O-spaces, not necessarily grouplike E ∞ -spaces.
We begin by recalling some details concerning grouplike E 1 -spaces. In any ∞-topos (in particular, such as the ∞-category of spaces), there is a notion of a grouplike E 1 -space [ Definition 8.1. An E 1 -space X is said to be grouplike if the monoid π 0 X is a group. Given a map η : E 1 → O of coherent ∞-operads, we say that an O-monoidal space X is grouplike if η * X is a grouplike E 1 -space.
Given any O-monoidal space X, we can restrict to the maximal grouplike subspace of X. Proof. The inclusion functor preserves colimits [21, 5.1.3.5] and therefore the adjoint functor theorem implies that there exists a right adjoint GL 1 . We can explicitly identify this as follows: Given an O-monoidal space X, π 0 (X) is a monoid. The maximal grouplike space GL 1 X is the full subgroupoid obtained by passage to the invertible elements of π 0 (X) (i.e., the maximal group contained in π 0 (X)). Since any product of invertible objects in π 0 (X) is invertible, the criterion of [21, 2.2.1.1] implies that this space is itself O-monoidal. Because GL 1 X is a full subgroupoid of X, it is clear that any map from a grouplike O-monoidal space uniquely factors through it.
More generally, given any O-monoidal ∞-category R, we can pass to the full subcategory of invertible objects in R, which we will denote by R × . Explicitly, this can be built as the pullback
where Ho(R ⊗ ) × denotes the full monoidal subcategory of the (ordinary) monoidal category Ho(R ⊗ ) spanned by the invertible objects. This is the O-monoidal ∞-category of invertible objects. The same argument as in the proof of lemma 8.2 proves the following lemma.
However, we want the Picard object to be a space. Recall that the inclusion of ∞-groupoids into ∞-categories preserves products and has a right adjoint; explicitly, if C is an ∞-category, then C iso is the subcategory of C consisting of the invertible morphisms.
We can now define the Picard ∞-groupoid of an E 1 object in Pr L .
Definition 8.5. Let R be an S-algebra in Pr L . Then Pic(R) is the maximal grouplike ∞-groupoid inside of the monoidal ∞-category R × . When R = Mod R for an E n -ring spectrum R, n > 1, we typically write Pic R in place of Pic(R).
Remark 8.6. In fact, we can perform this construction in either order. First, given R, pass to the full ∞-subcategory R × of invertible objects in R, and then take the maximal ∞-groupoid in R × . Equivalently, given R, pass to the maximal ∞-groupoid R iso contained in R, then pass to the largest grouplike object inside R iso .
Furthermore, if R is a closed symmetric monoidal stable ∞-category, we can characterize Pic(R) as a subspace of the subcategory of dualizable objects in R.
(See for example [26, §2] for an excellent discussion of this perspective on the level of homotopy categories.) Lemma 8.7. When R is a closed symmetric monoidal stable ∞-category with unit 1, the inverse of X ∈ Pic(R) is the functional dual F R (X, 1).
Proof. The equivalences witnessing the invertibility of X are duality data; this follows from [26, 2.9] since ∞-categorical duality can be detected on the homotopy category.
Remark 8.8. It is not difficult to extend the description of equation 8.3 and lemma 8.7 to the situation when R has weaker monoidal structures, but to state the results requires a discussion of duality in these settings which we do not wish to pursue herein.
In order to obtain a multiplicative structure, we would like to describe Pic(R) more explicitly as part of an adjunction. To make this precise, we first need the following result which allows us to control the size of the Picard group. Theorem 8.9. Let A be a monoidal presentable ∞-category . Then there exists a regular cardinal κ such that the inclusion
is an equivalence of ∞-groupoids. In particular, Pic(A) is essentially small.
Proof. By [21, Lemma 6.3.7.12], there exists a regular cardinal κ such that A is κ-presentable, the unit 1 A of A is κ-compact, and the full subcategory A κ ⊂ A consisting of the κ-compact objects is a monoidal subcategory. Let A ∈ Pic(A) be an invertible object of A. Since A ≃ Ind κ (A κ ), A = colim I A i for some κ-filtered diagram of κ-compact objects of A. Since A has an inverse B, 1 ≃ A ⊗ B ≃ colim I (A i ⊗ B) , and since 1 is κ-compact, the equivalence 1
so that A is a κ-small colimit of κ-compact objects and hence itself is κ-compact.
This now permits us to give the following characterization of Pic.
is right adjoint to the free presentable ∞-category functor
Proof. Let G be a grouplike O-monoidal space and R a presentable O-monoidal ∞-category. Restriction along the Yoneda embedding
where U : Pr L −→ Cat ∞ denotes the "underlying monoidal ∞-category" functor, such that the composite is an equivalence.
Remark 8.11. The unit of the adjunction is the Yoneda embedding
The counit of the adjunction is the map T / Pic(R) −→ R adjoint to the identity map Pic(R) → Pic(R). As a functor between presentable ∞-categories, this map preserves colimits and is uniquely determined by the image of Pic(R) in R.
Remark 8.12. When O is a model for the E n operad, we have the following specialization: The functor
. This is because Ω n Σ n + * is the free grouplike E n -space on a single generator * .
Passing to the stable setting, we obtain the following generalization: Proposition 8.13. Let A ∞ → O be a map of coherent ∞-operads and let R be a stable presentable O-monoidal ∞-category. Then the canonical map
Proof. This follows from the argument for theorem 8.10.
We close with a remark about the way in which the work of this section is a categorification of the classical theory of the space of units of a ring spectrum. The multiplicative structure on Pic(R) is such that the canonical map S / Pic(R) −→ R, adjoint to the inclusion Pic(R) → R of the invertible objects, is an O-algebra map. Conceptually, this is a categorification of the adjunction which defines GL 1 . Just as the underlying infinite loop space functor Ω ∞ : S → T is right adjoint to the symmetric monoidal suspension spectrum functor Σ 8.1. The Brauer group and twisted parametrized spectra. When applied to the category of modules over a commutative ring spectrum R, definition 8.5 recovers the usual construction of the Picard group. But we can also categorify the definition, as follows: Definition 8.14. Let R be a E ∞ -ring spectrum. The Brauer group of R is
the Picard ∞-groupoid of the symmetric monoidal ∞-category Mod ω R of compactly generated Mod R -modules in Pr L , the ∞-category of presentable ∞-categories.
It is straightforward to check that the Brauer group of R provides a delooping of the Picard group. Lemma 8.15. Let R be an E ∞ -ring spectrum. There is a natural equivalence
The connections to the classical definitions of the Brauer group have been studied by the third author with various collaborators [3, 14] . We do not go into detail about any of the applications of this here, other than to observe that definition 8.14 allows us to situate the work of Douglas on "twisted parametrized spectra" [12] . Definition 8.16 (Haunts and specters). For a commutative S-algebra R, the ∞-category of R-haunts over a space X is given by the ∞-category (actually, ∞-groupoid) (Br R ) /X = (Pic Mod R ) /X of Mod R -torsors over X. For a given haunt H on a space X, the ∞-category of specters is the limit of the composite
This can also be interpreted as the Mod R -module of sections of an actual bundle of Mod R -modules over X.
In light of this, it is straightforward to recover the various formal characterizations that Douglas obtains. In particular, we can expand Douglas' sketch proof of the following illuminating comparison result: Theorem 8.17. Let R be an E ∞ -ring spectrum and let H be a haunt classified by a pointed map f : X → Br R for a pointed connected space X. Then the ∞-category of specters associated to H is equivalent to the ∞-category of modules over the Thom spectrum associated to Ωf : ΩX −→ ΩBr R ≃ Pic R .
9.
Multiplicative structures on generalized Thom spectra Proposition 8.13 has the following immediate consequence, which proves Theorem 1.8; this is a generalization of Lewis' theorem. 
is a map of presentable O-monoidal ∞-categories. Moreover, if R = Mod R for an E n -algebra object R of S, n > 1, then this composite is equivalent to the generalized Thom spectrum functor.
As an application, we use this to provide sharpenings of Lewis' results about the multiplicative properties of the Thom isomorphism theorem. Recall that classically (working with topological operads), one can weaken the notion of an E ∞ operad by requiring that the operadic structure maps need only commute in the homotopy category; this leads to the notion of an H ∞ operad. More generally, for any operad V there is a corresponding "operad up to homotopy"hV obtained in this fashion.
Lewis proved [19, §IX.7.4 ] that given an E n classifying map f : X → BGL 1 S such that M f admits an E n orientation over R (i.e., an E n map M f → R), then the map inducing the Thom isomorphism is anhE n map. In the E ∞ setting, various authors (e.g., [6] ) have observed that this equivalence can be promoted to an equivalence of E ∞ ring spectra. We now prove analogous results for the case of any E n ∞-operad.
Assume that R is an E n+1 ring spectrum and f is an object of the ∞-category Alg /En (T /BGL1R ), i.e., an E n map of spaces
One of the main theorems of our previous work on Thom spectra and units [1] shows that an orientation of the Thom spectrum M f is specified by a map P → GL 1 R in Mod GL1R , where here Mod GL1R is the ∞-category of GL 1 R-modules in spaces. This suggests the following generalization of an orientation to the setting of E n maps.
Definition 9.2. Assume that R is an E n+1 -ring spectrum. Let P be an object in Alg /En (Mod GL1R ). Then the space of E n orientations of P is the space of E nalgebra maps P → GL 1 R in Alg /En (Mod GL1R ).
It is convenient to view the Thom spectrum functor in this light, making use of the following lemma: Lemma 9.3. There is an equivalence of E n -monoidal ∞-categories
and hence an equivalence of ∞-categories
As a consequence, the Thom spectrum functor can be written as the composite:
where the first map is the stabilization. Now given any object P in Alg /En (Mod GL1R ), we have the following version of the Thom diagonal, given by the E n map
where here GL 1 R × X is the free GL 1 R-module on the space X. We use the fact that both X and GL 1 R are based spaces.
Applying the Thom spectrum functor now yields a map
of E n -ring spectra.
On the other hand, given an orientation P → GL 1 R, applying the Thom spectrum functor produces a map M f −→ R of E n -ring spectra. Putting these together, we get the composite
which is a map of E n -ring spectra realizing the Thom isomorphism:
X which is an equivalence and realizes the Thom isomorphism.
Twisted cohomology theories and the twisted Umkehr map
A basic application of Thom spectra is the construction of Umkehr or "wrongway" maps in generalized cohomology theories. Roughly speaking, such maps arise from the composite of the Pontryagin-Thom map and the Thom isomorphism. In the absence of an orientation, one often wants to twist the Pontryagin-Thom map (and the cohomology theories) by a vector bundle, or more generally an arbitrary spherical fibration. These maps are closely related to the classical theory of transfer maps (e.g., the Becker-Gottlieb transfer [7] ).
The modern viewpoint on such maps is that they arise from maps of parametrized spectra, for instance via a fiberwise Pontryagin-Thom map. Arguably, this perspective has driven much of the early development of parametrized homotopy theory (see for instance [11, 16] ). In this section we develop this theory in the setting of our models of parametrized spectra and Thom spectra, using the framework of the Thom-theoretic model of twisted cohomology theories we introduced in [2] . The work of [10] implies that our Umkehr maps agree with all other possible definitions.
We take the perspective that Umkehr maps or transfer maps arise for an E n -ring spectrum R from maps R B −→ X of parametrized R-modules over a base space B by applying the pushforward p ! along the projection p : B → * . The advantage of the parametrized viewpoint is that given "twisting data"
we can consider the map induced by the fiberwise smash product
We write ∧ RB for the smash product of R-modules over B; we can also think of this as smashing over the unit R B of the monoidal structure. Applying the pushforward p ! now yields the "twisted wrong-way map"
and passing to cohomology yields the twisted Umkehr map with domain the α-twisted R-cohomology of B. In settings of interest, the geometry of the situation allows us to identify p ! (X ∧ RB α), as we shall see in the discussion that follows.
10.1. The Becker-Gottlieb transfer. We begin by recalling the construction of the classical transfer map in the setting of parametrized homotopy theory; this story is beautifully explained in [27, §15.3] , and our discussion in this section is simply the expression of that work in our setting. The transfer map arises from the categorical trace associated to the diagonal map of a stably dualizable space X. Specifically, we have the composite
where η and ǫ are the unit and counit of the duality. These transfer maps satisfy a series of compatibility relations, see [27, 15.2.4] ; the required conditions on the triangulation of the homotopy category hold here, either by comparison or as can be shown directly.
The key observation about duality in the parametrized setting is that we can characterize dualizability fiberwise:
Lemma 10.1. Let B be a space and X ∈ Fun(B op , S) a parametrized spectrum. Then X is dualizable if and only if for each b ∈ B, the value X(b) of X at b is a dualizable spectrum.
Proof. This follows from the fact that the smash product is computed pointwise.
In particular, given a map f : E → B with stably dualizable (homotopy) fibers, such as a proper fibration, by adjoining a disjoint basepoint we get a diagonal map on Σ ∞ B E + and so a transfer map S B −→ Σ ∞ B E + . Pushing forward along the map B → * now yields the classical transfer map
Note that we can easily recover Dwyer's generalization of the Becker-Gottlieb transfer [16] . Specifically, let R be an E ∞ -ring spectrum and suppose that f : E → B has homotopy fiber F such that R ∧ Σ ∞ + F is a dualizable object in the category of R-modules. Then the construction of the transfer in this setting gives rise to an R-module transfer map
Summarizing, we obtain the following result of Dwyer. 
10.2. Duality and the Pontryagin-Thom map. The transfer map of the previous section is essentially a purely homotopy-theoretic construction. We now begin to study another kind of wrong-way map arising from duality that ultimately require geometry for their interpretation.
As above, recall that T denotes the ∞-category of spaces and S denote the ∞-category of spectra. We write S denote the sphere spectrum and, for a space X, we write DX for the Spanier-Whitehead dual
of the space X. We may regard D as a sheaf of spectra T op → S on T. Recall that applying D to the unique map of spaces X −→ * yields a model of the (stable) Pontryagin-Thom map. This is the restriction to objects of an actual natural transformation of functors T op → S from the constant functor on the sphere spectrum to D. Moreover, we can perform the PontryaginThom map fiberwise over an arbitrary base space B. We write (S /B ) SB / for the ∞-category of spectra over B equipped with a map from the B-sphere S B .
Definition 10.3. The fiberwise Pontryagin-Thom map of spaces over B is the functor
where * B denotes the terminal object in T /B . There is a spectrum-level map
where p : B → * is the projection. In abuse of notation, we will denote the value of this functor on a space X → B over B by PT(X).
By our convention, PT(X) is an object of spectra under p ! S B and so we can regard it as a map
As we have noted previously, the source is readily identified:
To identify p ! D B X, one usually takes f : X → B to be some sort of family of compact manifolds, and finds that p ! D B X can be identified with B −T f , the Thom spectrum of (minus the) bundle of tangents along the fiber of the family f . We now proceed to review the relevant geometry.
Remark 10.4. Using the symmetric monoidal structure S ⊗ /B on spectra over B, the fact that any space over B is canonically a commutative coalgebra for the cartesian symmetric monoidal structure on T /B , and the fact that PT B is a composite of limit preserving functors, we may regard the fiberwise Pontryagin-Thom map as an CAlg(S /B )-valued sheaf on T.
10.3. Atiyah-Milnor-Spanier duality and Umkehr maps. Let X be a compact manifold with tangent bundle T X → X. Take an embedding X → R N with normal bundle ν X , and form the Pontryagin-Thom construction (collapse to a point the complement of a tubular neighborhood of X in R N ) to give a map
Desuspending N times gives a stable map, the geometric Pontryagin-Thom map,
Atiyah-Milnor-Spanier duality compares the abstract and geometric PontryaginThom maps, showing that S → X −T X is equivalent to the map S → DX. More generally, let j : W → X be an embedding with normal bundle ν = ν W,X . Up to a suspension, the geometric Pontryagin-Thom construction
is a model for DX → DW . More precisely, suppose we have an embedding k : X → R N , with normal bundle ν X . Then kj : W → R N is an embedding with normal bundle ν W ∼ = ν W,X ⊕ j * ν X . We have the composite
and desuspending N times gives
Summarizing, we have the following classical result. 
does not have attractive functoriality and naturality properties, and so it is not straightforward to assemble the fiberwise maps.
To handle this, we restrict to a fairly rigid geometric situation. Our motivating example is when f : Y → B is a proper smooth submersion which is also a fibration. The bundle of tangents along the fiber is the kernel in the sequence
For conciseness, we will often expose this data by writing
/ / B and refer to this situation as a "family of compact manifolds".
By applying the functor D to the composite
/ / S, we obtain a parametrized spectrum D B X. On the other hand, pushing forward the spectrum S −T f X along the map f : X → B yields a parametrized spectrum Th B (−T f ). Definition 10.7. A fiberwise Atiyah-Milnor-Spanier duality for the family of manifolds X → B is an equivalence of spectra over B (10.8)
As we have defined it, any family of compact manifolds admits a fiberwise Atiyah-Milnor-Spanier duality. Specifically, since the fibers are diffeomorphic, we can choose a single Atiyah-Milnor-Spanier equivalence and assemble this map to a fiberwise Atiyah-Milnor-Spanier duality.
Using this, we can study the Umkehr map. First, recall from definition 10.3 that we have a map of spectra over B and an equivalence of spectra
Proof. For the first assertion, observe that it suffices to check the claim at each fiber. Choose b ∈ B and let X b be the fiber of f : X → B over B. Then the square is a pull-back diagram in ≃ Th(X −→ Pic S ) = X −T f .
We summarize the situation in the following. Becker and Gottlieb explain how to connect the Umkehr map with the transfer map [7] . In our framework, their argument shows that the composite of the Umkehr map of Proposition 10.11 and the cup product with the Euler class is equivalent to the transfer map constructed in section 10.1.
Remark 10.12. We also expect to have Umkehr maps arising from embeddings of manifolds. Let j : W → M be an embedding of manifolds with normal bundle ν, and let p : M → * be the map to a point. To obtain a similar view of the Umkehr map j, we need to realize the geometric Pontryagin-Thom map
as p ! t, where t is a map of spectra over M . Now if S ν is the parametrized space associated to ν, then
and this suggests that the map we seek is a suspension of a map of the form
The requisite map is constructed by May and Sigurdsson [27, 18.6.3, 18.6 .5].
10.5.
Twists. Finally, we use the monoidal structures on our ∞-categories of parametrized spectra to twist the various Pontryagin-Thom maps we've produced. The basic idea is that the description of the Pontryagin-Thom map as the pushforward of a map of parametrized spectra allows us to twist. To explain the strategy precisely, it is useful to abstract the underlying phenomenon at work in our construction of the parametrized Umkehr maps. Suppose that we have a map of spaces f : X → Y , a parametrized spectrum M over S and a parametrized spectrum N over Y , and a map ϕ : N → f ! M of parametrized spectra over Y . As long as N ∈ S /Y is dualizable, we may smash over Y with the dual F T (N, S Y ) of N to obtain a parametrized Pontryagin-Thom construction.
Definition 10.13. Let f : X → Y be a map of spaces, let M ∈ S /X and N ∈ S /Y be parametrized spectra such that N is dualizable, and let ϕ : N → f ! M be a map. The parametrized Pontryagin-Thom map is the composite
Remark 10.14. Definition 10.13 makes sense in the category of parametrized Rmodules for any E n -ring spectrum R provided one has a projection formula relating f ! and f * . As such, there is no issue if n > 3 and it seems likely that this works for any n > 1. Now recall the notion of a twist (see also [2] ).
Definition 10.15. Let R be an E n+1 -ring spectrum. A twist is a map α : B −→ Pic R −→ Mod R classifying a bundle of invertible R-modules over B. Notice that the ∞-category T / PicR of twists is E n -monoidal.
Given a twist α : B → Pic R → Mod R and a generalized wrong-way map
we can twist the map by fiberwise smash (i.e., using the monoidal structure on (Mod R ) /Y ) to obtain
We can interpret this using our definition of twisted cohomology. As explained in [1, 2] , M α = p ! (R B ∧ RB α) is the generalized Thom spectrum of the map α; by definition, its R-cohomology is the α-twisted R-cohomology of B.
Remark 10.16. When R is the K-theory spectrum (real or complex), the question arises of comparing our version of twisted K-theory to the Atiyah-Segal construction of twisted K-theory in terms of Fredholm operators. In [2, §5] , we interpret the Atiyah-Segal construction as associating to a twist f : X → BGL 1 A the spectrum
i.e., the spectrum of sections of f . Further, we explain how this spectrum is equivalent to the Thom spectrum functor applied to the twist −f (the image under the involution −1 : BGL 1 A → BGL 1 A).
One might worry however that the geometric aspects of the Atiyah-Segal construction associate to a twist X → K(Z/2, 2) a composite other than the that induced by the inclusion K(Z/2, 2) → BGL 1 KO, and so there could be a potential discrepancy. But in [4] , the third author (along with Antieau and Gomez) prove that up to homotopy any map j : K(Z/2, 2) → BGL 1 KO is either trivial or the canonical inclusion (and similarly for KU ).
The monoidal structure on the category of twists gives rise to a product in twisted cohomology:
Theorem 10.17. Let R be an E n+1 ring spectrum. For any space X, the E n monoidal structure on T / PicR gives rise to a product map
We now specialize to the geometric example considered in section 10.4. For convenience, we use exponential notation for Thom spectra; e.g., M α will be written as B α . We continue to let As for Th B (−T f ) ∧ RB α, the projection formula yields
and so
is the R-module Thom spectrum whose R-module cohomology is the cohomology of X, twisted by the sum of 
